Abstract. Suppose that A and B are unital Banach algebras with units 1 A and 1 B , respectively, M is a unital Banach A, B-module, T = [
1. Introduction. Topological homology arose from the problems concerning extensions by H. Kamowitz who introduced the Banach version of Hochschild cohomology groups in 1962 [11] , derivations by R. V. Kadison and J. R. Ringrose [9, 10] and amenability by B. E. Johnson [8] and has been extensively developed by A. Ya. Helemskii and his school. In addition, this area includes a lot of problems concerning automorphisms, fixed point theorems, perturbations, invariant means, topology of spectrum, . . . [6] .
This article deals with the cohomology and homology of triangular Banach algebras, i.e. algebras of the form T = [ A M 0 B ] in which A and B are unital Banach algebras and M is a unital Banach A, B-module. These algebras were introduced by Forrest and Marcoux [1] , motivated by work of Gilfeather and Smith in [4] . Forrest and Marcoux also studied and directly computed some cohomology groups of triangular Banach algebras (see [2] and [3] ). In this paper, after some preliminaries, we present two long exact sequences and apply them to give some significant isomorphisms and vanishing theorems.
Let Lin denote the category of linear spaces and linear operators. A sequence
. Suppose that A is a Banach algebra and X is a Banach A-bimodule. For n = 0, 1, 2, . . . , let C n (A, X) be the Banach space of all bounded n-linear mappings from A × · · · × A into X together with multilinear operator norm
where δ 0 x(a) = ax − xa and for n = 0, 1, 2, . . .
where x ∈ X, a, a 1 , . . . , a n+1 ∈ A, f ∈ C n (A, X). It is straightforward to verify that the above sequence is a complex. C(A, X) is called the standard cohomology complex or Hochschild-Kamowitz complex for A and X. The nth cohomology group of C(A, X) is said to be the n-dimensional (ordinary or Hochschild) cohomology group of A with coefficients in X and denoted by H n (A, X). The spaces Kerδ n and Imδ n−1 are denoted by Z n (A, X) and B n (A, X), and their elements are called n-dimensional cocycles and n-dimensional coboundaries, respectively. Hence H n (A, X) = Z n (A, X)/B n (A, X). Note that H n (A, X), generally speaking, is a complete seminormed space.
Assume that C 0 (A, X) = X and for n = 1, 2, . . .
in which⊗ denotes the projective tensor product of Banach spaces. The elements of
where
The n-th homology group of C(A, X) is called the (ordinary) homology group of A with coefficients in X. It is denoted by H n (A, X) which is a complete seminormed space.
The dual X * of the Banach A-bimodule X is again a Banach A-bimodule with respect to the following actions:
In particular, A * is a Banach bimodule over A.
A complex X = {X, d} in a category of Banach modules is called admissible if it splits as a complex of Banach spaces and continuous linear operators, i.e. the kernels of all its morphisms are topologically complemented.
An additive functor F is said to be exact if for every admissible complex X = {X, d} the complex F (X ) = {F (X), F (d)} is exact in the category Lin. Notice that F is a functor.
A unital left Banach module P over a unital Banach algebra A is said to be projective if the functor A h(P, Every left A-module X admits sufficiently many projective resolutions, especially it admits the normalized bar-resolution B(X) as follows:
Consider free modules B n (X) = A +⊗ (A⊗ · · ·⊗A n⊗ X) and B 0 (X) = A +⊗ X, and
Then the sequence 0 ← X
In fact B induces a functor. Let F be an additive functor. Then the functor F n = H n • F • B is called the nth projective derived functor of F. F n is independent of the choice of resulotion. The projective derived cofunctors could be defined in a similar way. Let X is a unital Banach T -bimodule,
Applying homological techniques we can establish the following long exact sequences (see [5] ):
Using these nice sequences we shall obtain some significant results:
is weakly amenable iff so are A and B. Proof. X = T * is a Banach T -bimodule for which clearly X AA = A * , X BB = B * , X AB = 0 and X BA = M * . Then the previous theorem, with n = 1, implies that
Hence T is weakly amenable iff so are A and B.
Proof. For X = T we have X AA = A, X BB = B, X AB = M and X BA = 0. 
Remark. Thanks to Niels Jakob Laustsen for his comment on the fact that there is a direct proof for Theorem 3. 
